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Abst rac t - -Th is  paper is devoted to the derivation of a simple asymptotic formula for the funda- 
mental solution of the heat equation on the sphere. This formula is efficient for small values of the 
evolution parameter, and thus, complements the well-known formula for the fundamental solution in 
terms of Legendre polynomials that is efficient for relatively large values of the evolution parameter. 
The method relies on constructing a self-similar solution. (~) 2001 Elsevier Science Ltd. All rights 
reserved. 
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1.  INTRODUCTION 
The goal of this paper is to derive an asymptotic formula for the solution of the following equation: 
Of 13 
~-Af ,  f lt=o = 5. (1.1) 
z 
Here D is the diffusion constant, A, a Laplacian on the two-dimensional sphere, and 5 is a Dirac 
5-function at the north pole of the sphere. This equation describes the diffusion process on the 
surface of the sphere and arises in many areas of theoretical physics. 
Throughout  he paper, we will use the standard spherical coordinates: a point P on the unit 
radius sphere is characterized by the angle 0, 0 < 0 < 7r between the radius vector OP and 
vertical positive z-axis and by the angle ¢, 0 _< ¢ < 27r between x-axis and the projection of OP 
on the xy-plane. The function f is a function of variables t, 0, ¢ that  in this particular case, due 
to the rotational symmetry, becomes a function of t, 0 only. Equation (1.1) is a heat equation on 
the sphere. The exact formula for the solution is well known (see [1,2]) and is as follows: 
O0 
1 E e-(1/2)n(n+l)Dt(2n + 1)Pn(cos/~), f (e ,  t) = 
n=O 
(1.2) 
where P~(cos0) is n th Legendre polynomial. This formula is not convenient for the study of the 
transit ion from the initial 5-function condition to a Gaussian-like distribution. In such a case, one 
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has to add a prohibitively large number of terms (for very small t, this summation is practically 
impossible) to get a good approximation for f(8, t). There exists a formula that expands f(8, t) in 
the neighbourhood of 8 = 0 for small values of t in terms of an integral containing theta-function 
(see [3]), but such representation is not satisfactory for numerical calculations. The expansion 
of f(0, t) most closely related to the assymptotic formula developed in this paper seems to be 
the one constructed by Patodi in [4]. However, the Patodi expansion is specified for the general 
case of exterior p-forms on Riemannan manifold and is not feasible for determination of closed 
form formulas for expansion coefficients or for numerical calculations. In this paper, we derive an 
explicit asymptotic formula for f(0, t) on the sphere. This formula gives excellent approximation 
to the exact solution for values of t between 0 and 1, and for values of 0 from 0 to 2.7, with only 
three terms of asymptotic expansion being used. 
In Section 2, we derive an approximate self-similar solution. In Section 3, we are using this 
solution to get an asymptotic series. 
2. APPROXIMATE SELF-S IMILAR SOLUTION 
In this section, we will find the first approximation to the solution of equation (1.1). First of 
all, we can replace D by 1 because the solution of (1.1) for any D is easily expressed in terms of 
a solution for D -- 1, so we assume that the equation has the following form: 
-~  - -  A f ,  f l t=o  = 5. (2 .1 )  
In the spherical coordinates, this equation takes the following form: 
Of 1 (02f  Of)  27rf(O,t)sinOIt=o = 5. Ot -2  \002 + c°t O " -b7 ' (2.2) 
Introducing an unknown function v(8, t) = 2z~f(8, t)sin 8, we get for v(8, t), the following equa- 
tion: 
Ov 1(02v  Ov 1 ) 
Ot -- 2 \ 082 - cot 8. ~-~ + sin2----- ~ • v_ , v[t=o = 5. (2:3) 
Equation (2.2) will be our basic equation. This equation has singularity at 8 = 0, so our first 
step will be to understand the behaviour of a solution as 8 --* 0. It is easy to check (see [5]) 
that equation (2.3) does not admit any nontrivial Lie group of transformations. This means that 
we cannot reduce the number of variables using symmetries. Let us consider, therefore, the new 
equation obtained by replacing the coefficients (2.3) by the first term of their Laurant expansions 
at 8 = 0. The new equation is 
cOV 1 ( co2V 1 c3V 1 ) 
= \ - -b-b- + v , V l ,=0 = 5. (2.4)  
This equation admits the following group of scaling transformations: 
t* = fl2t, 8" = 38, V* = 3-1V. 
As a result, we get the following relation for the solution V(8, t) of equation (2.4): 
/3 - lv (8 ,  t)  = V ( /38, /32t) .  
After substituting/3 = t-l~ 2, we obtain the relation V(8, t) = t-1/2V(t-1/28, 1). Denoting V(8, 1) 
by G(8), we get the following representation for V(O, t): 
(2.5) 
k ~  
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From equation (2.4), we obtain the following equation for the function G(0): 
fo ~ G(O) dO = 1. (2.6) 
This equation has a unique solution G(O) = 0 • e -°2/2, and thus, provides the solution of equa- 
tion (2.4) as 
v(o, t) = o .  (2.7) 
t 
We expect that this solution represents the first approximation to the exact solution v(O, t) of 
equation (2.3). Therefore, we get the following first approximation to the solution f(O, t) of 
equation (2.2): 
f(O, t) .~ O_ e_O2/2t (2.8) 
27rt sin 0 
3. CONSTRUCTION OF  AN ASYMPTOTIC  SERIES  
We now return to the solution of equation (2.3). We expect hat the function V(O, t) correctly 
describes the singularity of the exact solution of equation (2.3), so as a representation of the 
exact solution of equation (2.3), we choose the product of V(O, t) and some smooth factor. The 
calculations how that it is convenient to choose this factor in the form W(O, t)(sin 0/0), where 
W(O, t) is represented by the power series with respect o t with 0-dependent coefficients, i.e., 
O¢ W(O, t) = ~ j=0 wj (O)t j. Thus, we can write v(O, t) in the form: 
OO 
v(O,t) = O . e_O2/2t SinoO w(o,t) sinO e_O2/2t . ~-,wj(O)tj 
t t j=o 
(3.1) 
Substituting this formula for v(O, t) into equation (2.3), we obtain the equation for W(O, t): 
~t 10(  OW) Oc°sO-sinOw+osinOg-~ - 2  ts inO +~t~--~ sinO--~- . (3.2) 
From this equation, we successively find relations for wj by equating the coefficients of tJ in both 
parts of equation. For w0, we get the following equation: 
0 cos 0 -- sin 0 . , Owo 
2 w0 + 0 sm v-f f~ = 0, 
with the initial condition w0(0) = 1 that is imposed topreserve the initial condition for v(O, t) 
for t -- 0. Solving the last equation, we get 
w0 = in 0' 
and the leading term of the fundamental solution f(O, t) now becomes 
1 0 2 2 . _ _  ~/---~e_O /fo(O,t) = 27rt V sinO (3.3) 
From equation (3.2), we can derive a recurrence relation for the functions wj: 
0cos0+(2 j -1 )s in0  Owj 10 ( Owj_l) 
2 wj+OsinO 00 - -  200  s in0~ . 
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Prom this relation and the condition that  wj(O) has no singularity as 0 --* 0, one can get the 
following formula for wj (0): 
o--j+l/2 fo r¢-a/2 0 / .  Owj_ 1 x 
Jo 2~ 0~- t, smT--5-;--~ } d~-. (3.4) wj(o )  - - -  
From this formula, we get 
1 s~n00(  s in0 -0c°s0" /  
Wl (0 )= g 1+ 02 sin0 ] 
and the next approximat ion to fundamental  solution f(O, t) will be 
si ° 10  in0 fl(O,t) = 1+ ] t  . (3.5) 
This form suggests a change from wj to a new function uj using the relation 
w~(o) = V[-ffsi--~uj(o). 
The recurrence relation (3.4) now will take the form: 
0-,fo0r  _l " 1 1 uj(O) = ~ [ j - l+  _ +- - -~ l+s in2  7 ~-2 u j_l dw, 
with initial condition uo(O) = 1; from this relation, one can easily see that  all functions uj(O) 
do not have singularity at the point 0 = 0. The formula above can be used to find the next 
approximat ion,  but to do the calculations by hand is rather t ime consuming. The authors used 
Maple to do the integration and simplify the results. The following formulae give the next two 
approximat ion to the fundamental  solution: 
1 1(  in0 0cos0) 
f s (O , t )=- -4 , - -e -  --- 1+ 1+ t 
27rt V sin 0 8 0 s sin 0 
(3.6) 
1 (l_15sinSO+2OsinOcosO(OS-3)-lOO2+OScos20) ] 
128 04 sin s 0 t2 
and [ 1( sinO OcosO) f3 (O, t )=- -  e-O /2t 1+ 1+ t 
21rt V sin 0 8 02 sin 0 
1 ( 15sin20+20sinOcosO(O2-3)-lOOS+O2cos20)t 2 
128 1 - 04sin s 0 
1 { 945 sin 4 0 - 303 sin 0 cos 3 0 - 305 sin 3 0 cos 0 - 22203 sin 0 cos 0 
+3-- -~ ~1 -F 06 sin 4 0 
+ 2704 sin s 0 - 4050 s06sin 2sin 400- 3150 cos 0 sin a 0~/ ta J] . 
To get the corresponding formulas for equation (1.1), one should simply replace t by Dt. 
(3.7) 
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